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Abstract 

Let H be the general, reduced Heisenberg group. Our main result establishes 
the inverse-closedness of a class of integral operators acting on LP(EI), given by 
the off-diagonal decay of the kernel. As a consequence of this result, we show that 
if ail + Sf, where Sj is the operator given by convolution with f,f& Ll{M), is 
invertible in B{LP{m)), then (ail + Sf)''^ = a2l + Sg, and g G (H). We prove 
analogous results for twisted convolution operators and apply the latter results to a 
class of Weyl pseudodifferential operators. We briefly discuss relevance to mobile 
communications. 
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1 Introduction 

We consider a class of integral operators defined for the general reduced Heisenberg 
group H. We show that if the kernel of the integral operator A'^i has L^-integrable off- 
diagonal decay (here f is a weight) and the operator ai/+A^i is invertible, then its inverse 
also has the form + N2, and the off-diagonal decay is preserved in the kernel of N2. 
As a consequence of this result, we establish the inverse-closedness of a Banach algebra 
of convolution operators on the general reduced Heisenberg group. Namely, we consider 
the operator Sf given by convolution with / and show that if ail + Sf, f E -^^^(IHI), is 
invertible in B{Lp{B.)), then {aj + Sf)'^ = 02! + Sg, where g e LUM). While this 
result relies on other recent results, it has its roots in Wiener's lemma. 

Wiener's lemma states that if a periodic function / has an absolutely summable 
Fourier series 

/(t) = 5^a„e™ (1) 

neZ 

and is nowhere zero, then 1/f also has an absolutely convergent Fourier series [|29ll . 
We call this inverse-closed property the spectral algebra property. That is, let A and B, 
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B(ZA,he Banach algebras. B has the spectral algebra property if whenever b G i3 
is invertible in ^, b"^ G B. We equivalently say that B is inverse-closed in A. In 
Wiener's lemma and in many of its descendants, the space B is given by some form 
of decay, for example summability of Fourier coefficients. Another perspective on 
inverse-closedness for a Banach algebra views the elements of the algebra as operators 
and considers to what degree the operator maps subspaces to other subspaces or to what 
degree it leaves subspaces invariant. This perspective becomes fruitful when we consider 
subspaces derived from the structure of the underlying group, rather than from a basis. 

To view a periodic function with summable Fourier series a = {a„}„gz as an opera- 
tor, we consider the algebra of bi-infinite Toeplitz matrices with summable antidiagonals, 
and we let Ta be the Toeplitz matrix given by the sequence a as antidiagonal. To frame 
the Toeplitz case in the subspace perspective, we reformulate the summable antidiagonal 
property as 

^ sup |(Taei,ej)| = ^ |(Taen,eo)| < oo, (2) 

where {ejjjgz is the standard basis for /^(Z). In this case, the subspace perspective 
simply states that for the subspaces Ei and Ej given by Cj and Cj, \\Ta : Ei ^ Ej\\ ^ 
as |i — j| — ^ oo with decay given by Q. 

Bochner and Phillips contributed the first essential step towards a general operator 
version of the spectral algebra property [6J. They showed that the a„ in © may be- 
long to a-possibly noncommutative-Banach algebra. This key result enabled Gohberg, 
Kaashoek and Woerdeman [1 V\ and Baskakov [3J to establish an operator version of the 
spectral algebra property. They considered subspaces Xj of the space X, indexed by a 
discrete abelian group I, satisfying Xj D Xj = {0} for i ^ j and X = span{Xj}jgi, and 
set Pi to be the projection onto Xj. For the linear operator T : X ^ X they set 

Ctfi ^ ^ PiTPji 

i-j=n 

and consider the operator-valued Fourier series 

/(t) = 5^a„e™. (3) 

ragl 

They then use Bochner and Phillips's work to establish that operators of the form ([3]) 
satisfying Xlnez 1 1 '^"11 ^ ^nez ^^Pi-j=n \\PiTPj\\ < oo form an inverse-closed Banach 
algebra in -B(X) [[IIl[3lll. 

In the commutative setting, Gelfand, Raikov and Shilov IfTOl addressed the important 
question: what rates of decay of an element are preserved in its inverse? They answered 
this question by determining conditions on a weight function v such that series finite in 
the following weighted norm form an inverse-closed Banach algebra in /{(Z): 

ll^lbi(Z) = X] ll^nll^(^) < 
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These three conditions on v are given later; the key condition is called the GRS condition, 
and a function satisfying all three is called admissible. Baskakov incorporated the GRS 
condition and proved the following operator version of the spectral algebra property dH 
[5]0: let V be an admissible weight; if the linear operator T satisfies 

sup \\PiTPj\\v{n) < oo 

and is invertible, then 

sup ^PiT^^ Pj^v{n) < oo. 
nez ^-^=" 

Kurbatov considered a class of operators satisfying 

(T/)(t)< j f^{t-s)\f{s)\ds (4) 

for some P E L^. He showed, using results very similar to Baskakov's (but derived 
independently), that if ail + Ti is invertible and Ti satisfies dH) for Pi E L^, then 
{aj + Ti)-^ = 02! + T2 and T2 satisfies (g]) for P2 e This theorem, as stated 

for integral operators in [|T9ll . is the point of departure for the research presented in this 
paper. 

We have two motivations for the work presented here: on the one hand a question of 
abstract harmonic analysis and on the other hand research on the propagation channel of 
a mobile communication system. The abstract harmonic analysis question is: for what 
nonabelian groups does the spectral algebra property hold? One recent result in this 
direction is by Grochenig and Leinert |fT3l [T4ll . They established the spectral algebra 
property for (/^(Z^"' x Z^"'), tje), where [\g is the following form of twisted convolution: 

and they use this result to prove the spectral algebra property for convergent sums of 
time-frequency shifts XIaga '^a^x^M^a' I^aga IcaI^'(A) < 00. (T^ and are defined 
below.) Balan recently generalized this result by relaxing the lattice requirement to solely 
a discrete subset of M^"*. He showed that if J2xeA cxT^^M^^, XIaga |ca|^^(A) < 00, is 
invertible, then {T^xeA^xTx^M^J-^ = E^ge c^^^^M^^ and Eaes < 00, 

where A, S C M^'', and |A|, |S| < 00, but A 7^ E (in general) [Ij. 

Many of the other recent results of this nature are for integral operators, where the 
spectral algebra property is manifested in the kernel. This is true for the seminal pa- 
per by Sjostrand in pseudodifferential operator theory [|26ll . In that paper he proves the 
matrix version of Baskakov's result, and uses this to prove the spectral algebra prop- 
erty for pseudodifferential operators with symbols in M^'^(]R^'^). (Let g E S(M?'^) 

'The version presented here is sHghtly different from the theorems in ||4l|5], but it can be easily ex- 
tracted from the proof of Theorem 2 in 141 . 
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be a compactly supported, function satisfying J2kez9(^ — k) = 1 for all t G 
R'^'^. Then the symbol a e ^'(R^^) belongs to M^'^R"^"^) if sup^g^ad |((t ■ - 
k))^(Q\d( < oo.) Sjostrand proved the matrix Baskakov result and his pseudodif- 
ferential operator result using techniques from "hard analysis". Grochenig later also 
achieved this same result using techniques solely from harmonic analysis [121. In fact, 
he proved more. He showed that a pseudodifferential operator L„ has Weyl symbol 
a E M^''^(M?'^) if and only if the matrix given by Mm,n,m',n' = {Laipm,n,i'm',n'), 
for a proper Gabor frame {il>k,i}k,i(^z lfT6l . is in the Baskakov matrix algebra given by 

J2{k,l)&2^^P{m-m',n-n')={k,l)\^m,n,m',n'\v{k,l) < OO GrOChenig and OnC of US 

recently extended this result to pseudodifferential operators with symbols defined on 
G X G, where G is any locally compact abelian group and G is its dual group [|T5l . 
Locally compact abelian groups, their dual groups and twisted convolution are standard 
features throughout the work just discussed; therefore, it is very natural to look directly 
at the general reduced Heisenberg group for a fundamental theorem. 

In mobile communications a transmitted signal travels through a channel that is mod- 
eled by a pseudodifferential operator. When a single source transmits a signal it is re- 
flected by objects in its environment, which results in different paths from transmitter 
to receiver, each with its own travel time. In the case of mobile communications, a 
moving transmitter and/or receiver gives rise to the Doppler effect |[23l . which results 
in a frequency shift. Thus, denoting time shift by T^fit) = f{t — x) and modulation 
or frequency shift by M^f(t) = e^''*'^*/(t), the received signal can be represented as 
the following collection of weighted, delayed and modulated copies of the transmitted 
signal: 



frecif) 




a{uj, x)T^M^ftrans(t)dxdLJ. 



We, therefore, consider Weyl pseudodifferential operators: 

LJ{t)= [ f a{uj,x)e-^'''-''T_^M^f{t)dujdx. 
Jg Jg 

In particular, we posed the question, if ail + is invertible and a E Ll{G x G), does 
(ttiJ + L^)-^ = a2l + L^, where f E Ll{G x G)? 

Throughout this paper, A will denote the Banach algebra A with adjoined identity. In 
Section 2 we prove the spectral algebra property for A/'J(EI), where A/'J(H) is the space 
of integral operators with kernels having L^(EI)-integrable off-diagonal decay. The basis 
for our proof is establishing an operator class for which we can apply Baskakov's theo- 
rem, and using a dense, two-sided, proper ideal within that class. We use this result to 
prove the spectral algebra property for convolution operators on LKM). In Section 3 we 
prove the spectral algebra property for {Ll{G x G), t]), where t] is twisted convolution. 
This result is in the same spirit as work of Grochenig and Leinert on {L\{7/ x 7L^\ \q) 
lfT3l[T4l . but more general, in that it holds for arbitrary locally compact abelian groups. 
We apply these results to the class of pseudodifferential operator with symbols a satis- 
fying (7 E L^(G X G). Lastly, we discuss the consequences of these theorems for mobile 
communication channels. 
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2 The Convolution Algebra on the General, Reduced Heisen- 
berg Group 

Our construction of the general, reduced Heisenberg group begins with the locally com- 
pact abelian group G and its dual group G, which is also locally compact and abelian BU. 
We assume that G is second countable and metrizable. Throughout this paper, arbitrary 
groups will be denoted G, and locally compact abelian groups will be denoted G. While 
HI is not abelian, it will still be written in the same font as G. Elements of G will be writ- 
ten in Latin letters and elements of G in Greek letters. By Pontrjagin's duality theorem, 

G = G [24J. For convenience, we will set e^'^" '^ = {x,lj), where {x,u) denotes the 
action of a; G G on x G G. 

Here we approach the Heisenberg group from the perspective of pseudodifferential 
operators and time-frequency analysis, and thus motivate it from the operators trans- 
lation and modulation. Translation is right addition by the inverse of an element in 
G: Txf{y) = f{y — x); modulation is multiplication by the evaluation of a charac- 
ter in G: M^f{y) = {u!,y)f{y). However the set of operators T,j.M^ is not closed, as 
{TxM^){Txi M^i) = e^''"'' '^Tj.+a,/M^+j^', and therefore this set of operators is not param- 
eterizable by G x G, but by G x G x T. The extension of G x G to G x G x T is called 
the general, reduced Heisenberg group EI = G x G x T ['8^iTO|. Elements of EI will 
be written in bold, and elements of G, G and T will be written in the normal font. The 
group operation for EI is written as multiplication, while the operations for G and G are 
written additively and for T is written multiplicatively: 

hh' = {X, U, e^''"){x\ U\ e^^'^') = {x + x\u + J, ^^-^iir+r') ^^i{x' ■u.-x-jyy 

The identity on EI is e = (0, 0, 1). The measure on EI is dh = dxdcudr, where dx, duj 
and dr correspond to the invariant measures on G, G and T respectively, normalized so 
that the measures of U^-, and Uj, to be defined shortly, are each 1. Since G, G and T 
are commutative, the invariant measure is both left and right invariant. The space L\{M) 
consists of those functions satisfying 

\\f\\Lim= I l/(h)|^(h)t/h, 

where v is an admissible weight, as defined below. We use -k to denote the convolution 
of two functions defined on EI as follows 

(Fi*F2)(ho)= f Fi(h)F2(h-iho)cih. 
We now address three preliminaries: partitions, weight functions and the amalgam spaces. 

Definition 2.1 Let G be a group. (X, U) is a partition of G ifT is a discrete set, U is 
subset of a locally compact group, {iU) {^{i'U) = ^fori ^ i! , and [J-^j-{iU) covers G. 
For simplicity we assume that U contains the identity. 
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Lemma 2.2 The general reduced Heisenberg group H possesses a partition. 

Proof We call on the structure theorem, which states that for any locally, compact, 
abelian group G, G = M*^ x Go, where the locally compact abelian group Go contains a 
compact, open subgroup K [|18L D = Gq/K is a discrete group and Gq = [J^gp((i]K), 
^ ^ U(i d)ez<*x]D)((^' 1) ^ ^))' different blocks are disjoint. If the group Go 
contains the compact open subgroup K, then Go contains the compact open subgroup K-*- 
[|24l : thus a partition of G exists that is analogous to the partition used for G. While the 
structure theorem does not apply in general to nonabelian groups, we can still partition 
HI into blocks by the following construction. Set D = (Go x Go)/(]K x K-^), I = 
Z^"' X D X {0}, and U = [0, if'^ x K x x T. Then Uiei(if^) covers H and (J, U) 
is a partition for H. Note that I is not closed, and hence is not a group. □ 

Definition 2.3 Let G be a group. A weight function v defined on G is admissible if it 
satisfies the following three conditions: 

1. V is continuous, symmetric, i.e. v{x) = v{x"^), and normalized so thatv{0) = 1. 

2. V is submultiplicative, i.e. v{xy) < v{x)v{y) for all x,y G G. 

3. V satisfies the Gelfand-Raikov-Shilov (GRS) 4701/ condition: 

lim f (nx)^/" = 1 for all x e G. 

n—>oo 

Note: Throughout this paper the weight v will be assumed to be admissible. 

Definition 2.4 Let G be a locally compact group and v an admissible weight function. 
The amalgam space W{L'^{G), If) is the space of functions finite in the local norm 
and the global II norm as follows: 

ll/llm^^(G),.2)= (E 11/11 
Kiel 

for a partition (I, U) ofG. 

The definition of W{L^{G).,ll) is independent of the partition, as different partitions 
resuk in equivalent norms; see (271 [13. Note that L^(G) = W{L^{G),ll). Kurbatov 
uses the amalgam spaces to prove the inverse-closedness of a class of integral operators 
given by the off-diagonal decay of the kernel. He considers integral operators N of the 
form 

{Nf){t)= [ n{t,s)f{s)ds, 

where G is a locally compact abelian group. We introduce some notation and define 
three spaces: Ny(G) is the space of kernels n for which there exists /5 G Ll(G) s.t. 
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In-it, s) I < P{ts ^) for all t,s E G. J\f^{G) is the space of integral operators with kernel 
n G N^(G). An operator satisfying this property is said to be majorized by p. For 
M we define Qi^d = (i,ci,0)([0, 1)^'^ x K x x T), where {t,d) e I?'^ x D, as in 
Lemma To make notation easier, /i, u and 7 will be elements of 7?'^ x D. Define 
to be the projection of W{LPim), ID onto {/|/ G W{LPim), 1^, supp(/) C Q^}. For 
iV e S(W^(L^^(H), ID), we set iV^,, = P^NP,, and iV^ = E,..-i=-, N^,^. K°^{G) is the 
class of operators (not necessarily integral operators) satisfying 

The following is a slightly restricted version of Kurbatov's theorem as it applies to 
the work in this paper: 

Theorem 2.5 Kurbatov, Theorem 5.4.7 [19J. Let G be a non-discrete, locally compact 
abelian group. J\fi{G) is an inverse-closed subalgebra of B{W{Lp{G),11)) for 1 < 
p,q < 00. 

Remark : If G is discrete it is not necessary to adjoin the identity operator to A/7 (G) . 
The corresponding version of Theorem 12.51 for a discrete group G is a special case of 
Baskakov's more general and very significant Theorem 1 in lIH. 

We show that Kurbatov's result, Theorem 12.51 above, holds with admissible weight 
functions for the nonabelian group H. 

Theorem 2.6 LetAf^(E.) denote those bounded integral operators N on W{Lp(E.), 1^, 
1 < < C)0, of the form 

(iV/)(ho)= / n(ho,h)/(h)dh, 

for which there exists P E Ll (H) satisfying 

|n(ho,h)| </5(hoih) 

forallho,h G H. ThenAf^{M) is an inverse-closed Banach algebra in B{W{L^{M), ID)- 

Before we prove Theorem 12.61 we need some preparation. Kurbatov's proof of The- 
orem [23] can be adapted to the nonabelian group H, Theorem 12. 6[ once two essential 
pieces are established. First, an appropriate partition must be developed for Ll (M) that 
allows us to apply Baskakov's result. Second, one must establish that ^^^"^(EI) is a two- 
sided ideal in A/^ (H) . The proofs below of the intermediate results. Propositions 12.91 and 
12. 101 and Theorem 12 . 5 1 follow very closely Kurbatov's proofs of the analogous results for 
the abelian case, cf. Sections 5.3 and 5.4 of [19J. 

Lemma 2.7 The identity operator I is not an element o/A/"^°°(EI). 
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Proof Let (X, f/) be a partition for H. Consider the indicator function xe, where E d iU 
for some i E I, and the measure of E is fi{E) = e > 0. Then ||/ : L^{iU) 
L°°{iU)\\>l/e. □ 

Lemma 2.8 Kurbatov, Lemma 5.3.3 |fT9ll . Let Q and Q be locally compact topological 
spaces with measures X and X, respectively. For any N G B{L^{Q), L°°{Q)) there exists 
a function n G L°°{Q x Q) such that for all f G L^{Q) one has 

{Nf){t) = j n{t,s)x{s)dX{s). 

Proposition 2.9 The operator N is an integral operator majorized by W{L°°(M.), ll) if 
and only rE^sup^.-i=7 ■ L\Q,) ^ L'^{Q^)\\v{^) < oo. That is, Af^{m) is 

the class of integral operators with kernels majorized by functions in W{L°°{M), ll). 

Proof If AT is majorized by /3 G W{L^{Il)Jl), then \\N^^^ : L\Q^) < 
supg _^ \(3\, which proves the first claim. We prove the second claim. Let = P^/, 
where is the projection onto Q^^, as defined following Definition 12.41 N G A/'^°°(H) 
implies (Nf)^ = 'Yliuet^'^xn-^t^^f'^- following, r, s and t will be elements of 

M2<i X K X X T. By Lemmallil there exists n^^ G L°°(g^ x Q^) such that 

{N,J,){t)= [ n,,{t,s)f,{s)dX{s) 

for t E Q^. Setting 

a,= sup \\N,,:L\Q,)^L'^{Q,)l 

7 G Z^'^ X D, we have \n^,^(t, s) \ < for all t E and s E Qu- Defining n{t, s) to 

equal n^^{t, s) for t E Q^, s E Q^, we have 

{Nf){t) = J2 f n,,{t,s)f{s)dX{s) 

n{t,s)f{s)dX{s). 



We now must show that n is majorized by a function P E W{L°°(M), ll). 

Q^Q',^ = {t^t-\d^d~\0){{-l,l)^'' X K X X T), 

where fx = (v, df,) and u = (i^, dy). 
For r G M^'* X K X T, we define 

/?(r) = sup{«^ : (r) G (v, c?^, 0)((-l, 1)'^ x K x x T)}. 
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We then have \n{t, s)\ < a^^-i < P{ts^^) for t E and s E Q^. We define A = A(r) 
to be the set of all grid points /i G Z^"* x D such that r G (v, d^, 0)((-l, l)^'' x K x 
K-^ X T). Now I3{r) < max{a^ : G A}, which implies that (3{r) < ^^g^ a^. By the 
definition of A/'^°°(E[), ol^iv{^) < oo. A has at most 2^"^ elements for any r. Since (3 
is constant on each block Q^, \\(3\\w{L°°{m),ii) < 2^^^ Zl;, < oo. □ 

Proposition 2.10 7V;°°(e) Jen^e m AC(e). 

Proof By Proposition [2l] we may use that W{L°°(M),ll) is dense in W{L^(M),ll), 
and choose j3 G W{L°°{M.), /^) such that — l3\\w{L^{m),ii) < e- We may assume that 
< ^(h) < P{h) for all h. Set 

\ : PihoK') = 

We then have rr(ho,hi) < ^(hoh^^) and < n(ho,hi) - n(ho, hi) < /3(hoh^^) - 
/?(hohr^). □ 
The following is one of the three cases covered by Baskakov's Theorem 1 in flU. 

Theorem 2.11 Let v be an admissible weight function, 1 a discrete abelian group, and 
{Xjjjgi subspaces ofX satisfying Xj fl Xj = {0} for i ^ j and X = spanjXjjjgi. Let 
Pi be the projection onto Xj. IfT is invertible in B{X) and 



sup \\PkTPj\\v{n) < oo 

then 



sup \\PjT ^Pk\\v{n) < oo. 

j-k=i 



Theorem 2.12 IfN G M^{M) is invertible in B{W{Lp{M),Ii)), then N-^ G 7V;°°(H). 
Proof We first define the space of operators 

= {T\ J2 sup ||T : LP{Q,) ^ LP{Q^)\\v{-f) < oo Vp G [l,oo]}, 

where for each p, T is understood to be identically defined on the common part of dif- 
ferent spaces. (Note that L°°{Q^) is dense in each Lp(Q^), p G [0, oo].) By Theorem 
lim if T G and T is invertible in B{W{Lp(E.), l^)), then G M„. / is clearly an 
element of M„, though it is not an element of^f^{B) by Lemma IZTl For N G Af^{M) 
and T G M.„ 



sup \\NT : L\Q,) ^ L^{Q^)\\v{^) 



< sup||T:L°°(Q,)-^L~(Q^)|| J] sup || iV : L1(Q,) ^ L°°(Q^)|| 17(7), 



9 



and 



J2 sup \\TN : L\Q,) ^ L^{Q,)\\v{j) 

< snp\\T:L\Q,)^L\Q,)\\ sup \\N : L\Q,) ^ L^{Q,)\\vi^y, 

''''' 76Z2dxD^'^"'='^ 

therefore, Af.^(B.) is a proper two-sided ideal in M^. If aj + Ni e Af^iJB.) and 
aj + Ni is invertible in B{Lp{B.)), then Theorem [2TT] implies {aj + Ni)~^ = T for 
some T e M^. Then + A^i)r = / implies T = -^I-^NiT. By the ideal property 

of (H) , T = as/ + iVs for some N2 G 7V;°° (H) . 

□ 



Lemma 2.13 J\f^{M) is a two-sided ideal in M^{Il). 
Proof Assume / G L^(e) and g G ^^^(e). Then 



11/ *5'IUs°{Bi) 



sup 

ho 



fih)gih-'ho)dh 



< 



|/(h)|sup|^?(h-iho)^;(ho)Mh 



< / |/(h)|sup|^/(ho)t;(ho)|t;(h)rfh 

ho 

Li(e)||5'IUs°(H). 

One similarly shows that (H) ★ Ll (M) C L^f (H) . By Theorem 1 1 .8.3 in [[171 and the 
discussion immediately following it concerning H, W{L°°(M), ll) is a two-sided ideal 
in W{L^{M), ll) with respect to convolution. The lemma then follows from the com- 
position rule for majorized integral operators given at the start of the proof of Theorem 

m 



Proof of Theorem |2^ Let A^i, A^2 G A/'„^(IHI) be majorized, respectively, by (3i and (32. 
Using Fubini's theorem, we have 



(iViiV2)/(ho 



?2i(ho,hi) / n2(hi,h2)/(h2)c/h2c/hi 



jj ni(ho,hi)n2(hi,h2)/(h2)dhidh2 

J n(ho,h2)/(h2)dh2. 
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Therefore, A^iA^2 defines an integral operator of the same form. 



(iViiV2)/(ho) 



< 




for P = Pi ^ P2 ^ -^i(EI)- This establishes the Banach algebra property. 

Assume that the operator al + N, N E J\f^(M), is invertible. We first show that 
/ ^ AC(H). If J G A/'J(H), then since 7V~(H) is dense mAf^{m) (Proposition [HSl), 
A/'^°°(H) would contain a sequence approaching I. Lemma [277] shows that such an oper- 
ator would be unbounded in the J\f^ (M)-norm. Therefore a ^ 0. 

By Proposition 12. 101 we may choose N E A/'^°°(H) such that \\n — ^|| vF(Li(H),ij) < 
a/2. Then by Proposition 1.4.2 in al + {N -N) is invertible m^f^{M.). As in the 
proof of Theorem 5.4.7 in |fT9l we consider the operator 

K = {al + {N -N))-\aI + N) 

= {al + {N -N)y\al + {N -N) + N) 

= {al + {N- N)-\aI + {N - N)) + {al + {N - N)y^N 

= I +{al +{N ~N))-^N. 

K is invertible as the product of two invertible operators in AAJ (H). By the ideal property 
of A/;°°(H), Propositioji lOOl {al + {N - N))~^N E A/'~(H)rtherefore Theorem [2l2] 
implies thal^A""^ E J^{B). The composition of K'^ E N°°{M) and {al + {N - 
N))-^ E ACW isalsoinA/;i(H). Therefore, {al + N)-^ = K-\aI + {N -N))-^ E 
Ae(H). □ 

Theorem 12.61 allow s us to prove the spectral algebra property for convolution opera- 
tors on the Heisenberg group. 

Corollary 2.14 Let M be the general, reduced Heisenberg group, v an admissible weight 
function, and Sf the operator given by convolution with f. If ail + Sj, f E Ll{M.), is 
invertible in B{Lp{M)), then {aj + Sf)'^ = a2l + Sg, g E Ll{M). 

Remark : Barnes proves in |l2l that the spectral algebra property for a convolution op- 
erator on L^{G) is equivalent to G being amenable and symmetric. Since EI is nilpotent, 
itis symmetric f21J. Taking M asameanonL°°(GxG), Mh(/) = Jj M{f{-, e'^'''^))dT, 
is a shift-invariant mean on L°°{M), and consequently EI is amenable; see chapters 2 and 
12 of [I22II . Therefore, Corollary 12. 141 also follows from Barnes's work in |l2l. For the 
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case when G is compactly generated, Corollary I2.14l is also a special case of Theorems 
3.6 and 3.7 in [7J. 

Proof ForFi,F2 G LliW), \\F^^ F^Lim < /jj/e |i^i(h)||F2(h-iho)|t;(ho)rfhot/h = 
/h l^iK/e |^2(ho)|f (ho)rfho)t;(h)c/h = ||Fi||ii(e)||F2||Li(e). Consequently, 

{ai5 + Fi) * (aa^ + F2) = aiOa^ + aii^2 + a2i^i + ^1*^2 = 035 + ^^, e ^i(H)- 

To meet the conditions of Theorem 12.61 we define the function -F(ho, h) = /(hoh^^). 
Then al plus the integral operator with kernel F is the same as Sa5+ / and satisfies the 
conditions of Theorem |2.6[ Assuming Sa^s+j to be invertible in B{Lp(H)), Theorem |2.6l 
states that S^^^+j = 02-^ + where A is an integral operator majorized by a function 

/3 G Ll(E.). We use an approximate identity {il>n}n>o C Ll(E.). We set 9n = S'^^^j^jipn, 
and 6 = lim„^oo(a2-^ + = ce25 + lim^^oo^V'n- Since A is majorized by /5 G 

\im |A^„|(ho) < hm [ V^„(h)/?(h-^ho)(ih 

n— >oo n— >oo 

= /5(ho) 

Set (7 = lim„^oo Atpn £ -^i(H)- Then 9 = 026 + g, and by the continuity of convolution, 
{aid + /) ^ {026 + g) = 6. For any </> G Co(]HI), the space of continuous, compactly 
supported functions on H, 

= {ai6 + f) -k {026 + g) - 4> 

= 5i< (j) — (j) 

= 

Sai5+f is assumed invertible in B{Lp(E.)), and both Sa.^s+g4> ^^d (0:2/ + A)(j) are in 
L^(EI); therefore, (S'q2 - {0L2I + ^))0 = for all G Co(EI). Since the space of 
continuous compactly supported functions is dense in L\{&), Sa25+g = Ci2l + A, and 
^^i5+f = Sa2S+g, 9 e Ll(E.). Equivalently, if aj + Sj, f G LliW), is invertible in 
B{U'{Wj), then its inverse is also of the form a2l + Sg, and g G LliM). □ 

3 Spectral Algebra Property for Twisted Convolution and 
Pseudodifferential Operators 

T is originally adjoined to G x G, thus creating the Heisenberg group, in order to ob- 
tain group structure for G x G. However, functions defined only G x G are still of 
special interest, particularly for pseudodifferential operators. Here we discuss the Weyl 
pseudodifferential operator L^,, given by a symbol cr G 5'(G x G): 

LJ{t)= [ [a{uj,x)e~^'^-^T_,M^f{t)du;dx. (5) 
Jg Jg 
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The map a i-^ is called the Weyl transform, and a and a are called the symbol and 
spreading function of the operator L^. The composition rule for two Weyl pseudodif- 
ferential operators is L^L^ = Ljr-i(5-^f), where [\ denotes twisted convolution]^ and is 
defined by 




Since F\]G{x,uj) < \F\ * \G\{x,uj), twisted convolution is dominated by regular con- 
volution. Therefore, Ll{G x G) is closed with respect to twisted convolution. In order 
to prove the spectral algebra property for twisted convolution on Ll{G x G) we need a 
weighted version of Kurbatov's Theorem [231 

Theorem 3.1 Let G be a locally compact abelian group. Then J\f^ (G) is an inverse- 
closed Banach algebra in S(L^(G), l'^), I < p,q < oo. 



Proof Kurbatov's proof of his Theorem 5.4.7 [1191 holds here. The addition of weights 
is justified by Theorem 12.1 1[ □ 

Corollary 3.2 Let G be a locally compact abelian group and G its dual group, and let 
Tf G B{LP{G X G)) be the operator given by twisted convolution with f: Tfcj) = f\\(f), 
G LP{G X G). IfaJ + Tf is invertible in B{U'{G x G)) and f G ^^(G x G), then 
{aj + T/)-i = tta/ + Tg and g G ^^(G x G). 

Proof The proof of Corollary 12.141 carries over exactly with the sole substitution of 
G X G and t] for M and □ 
Before applying these theorems to pseudodifferential operators, we briefly discuss 
the importance of pseudodifferential operators in the study of time- varying communica- 
tion systems, such as wireless communications. We view f(t) as a transmitted signal; 
then Txf{t), x > 0, corresponds to a time shift of the signal, and M^f{t) corresponds to 
a modulation or frequency shift. The received signal at time to is a weighted collection 
of delayed, modulated copies of the transmitted signal. Therefore the received signal 
may be expressed as 



frec{to) = / / Cr{x,Uj)T_^M^ftrans{to)dxdu, (6) 




where we have absorbed e"''*'^'^ into a. The assumption that a G L^(M^) is appropriate, 
as in practice the strength of the delayed copies of the signal decays quickly in time. The 
Doppler effect or frequency shift depends on the travel speed of the signal and the relative 
speeds and angles between the transmitter, any reflecting bodies, and the receiver. Since 
these quantities are all bounded in practice, the Doppler effect is also bounded. Hence if 
the Doppler effect is limited to [—D, D], the support of (t(s, •) is contained in [—D, D] 
for all X [|23[|28il . In practice one must "numerically invert" the operator in Q. Theorem 
I3.3| states that the inverse will have the same off-diagonal decay as the original operator. 
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The resulting matrix may, therefore, be truncated to a small number of diagonals, which 
is essential for fast real-world computation. 

Above we showed that LI (G x G) is an inverse-closed Banach algebra with respect to 
twisted convolution. Due to the composition rule, the previous theorems easily establish 
the spectral algebra property for a class of Weyl pseudodifferential operators. 

Theorem 3.3 Let 0P(JF^^L),(G x G)) denote the space of pseudodifferential operators 
with Weyl symbol a satisfying a E Ll{G x G). Then OP(jF^^Lj(G x G)) is an inverse- 
closed subalgebra ofB{LP{G)). That is 

(i) al + La- is bounded on all L^(G). 

(ii) Ifcr,f G L^(G X G), then {ail + La){a2l + L^) = {a^I + L^), where 7 G 
Li(G X G). 



(Hi) Ifail + La is invertible in i3(L^(G)), then {ail + L^) ^ 
f E L^{G X G). 



(0:2/ + Lr) where 



Proof 

(i). 



\LJ\\l. < 



< 



< 
< 




G -'G 

Y 

\a{uj,x)\\f{t + x)\dudx\ dt 
gjg J 

y 

a{-, —x)\\ii\f(t + x)\dx \ dt 



cr 



IP 
IP 



dt 




•U)\\L^*\f\{u)\\ 



P 

LP 



P 

LP 

P 
LP 



Therefore, \\{al + La)f\\LP{G) < + \\^\\li{g))\\J \\lp{g)- 

(ii) . By Corollary [H if o-,f e ^^(G x G), {a^S + a)^{a25 + f) = (a^S + 7), where 
7 G Li(GxG). Then J^-\a36 + ^) = 03 + 7, and {aj + La){a2l + L^) = {a^I + L^). 

(iii) . Let (aiJ + L^)'^ = A, A e B{Lp{G)). Using the Schwartz kernel theorem, 
Grochenig shows in fT6'|, that there exists a symbol 7 G S'{G), such that A = L^^. In 
order to apply Corollary 13.21 we must show that the twisted convolution operator is 
bounded as an operator on L^(G x G). By the closed graph theorem [|25ll . is not 
bounded on L^(G x G) if and only if there exists a sequence {0„ }„eN C L^(G x G) 



such that {(f)n} ^ 0, but 



0. If ^ B{LU 



and a subsequence {(pnk} such that ||T^ 
assumption, and L^^^ 
have 



then there exists an e > 
> e for all n^. L^ G B{Lp{G)) by 
B{LP{G)) by (i). Therefore L^L^^ G B{Lp{G)). By (i) we 



-^rrik llLi(GxG) 



\L^L(f 



L^L^^^\\b{Lp{G)) < \\L^\\B{LP{G))\\4>nk -0nJlLi(GxJ 
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Since {^n^,} is a convergent sequence, {L.yL^^^} is a Cauchy sequence in the Banach 
space B{LP{G)). Since \imk^oo{4>nk} ~^ 0, \imk^oo{L-yL^„^} = 0, where the latter 
convergence is in operator norm. By Theorem 14.6.1 in [[T6l . limfc^oo \\T^<Pnk IIl2(GxG) ~ 
0, which implies lim^^oo ll^70nfe|lLi(GxG) ~ ^^'^ contradicts the assumption. Thus 
G B{L^{G X G)). Therefore {aj + L^)L^ = I implies {ai5 + a)t]7 = 6, and 
similarly j\\{ai6 + a) = 6. By Corollary 3.2., 7 = q;2(5 + r, f e L^(G x G). 

□ 
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